MATH 5061 Solutions to Problem Set 1]

1. Show that S? and CP' are diffeomorphic by constructing an explicit diffeomorphism between them.

Solution:

Construct the map f : S2 — CP* by
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f(z1, 22, 23) == {

We need to verify f is well-defined when z3 # 1,—1. Indeed, we have (Note

T +i9327é0.)
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which shows f is well-defined.
Now let’s show f is a diffeomorphism.
Let (Uy, é1), (Uz, ¢2) be the two charts on S? defined as

Uy = S2\{(0,0,1)},61 (21, 72, 3) = (b, —2

Uy = 82\{(0,0,—1)},(}52(361,372,373) = (
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Let (V1,¢1), (Va, p2) be the two charts on CP' defined by

Vi = CP\{[1, 0]}, g1 ([21, 22]) = %
Va = CP\{[0, 1]} ¢2([21, 22]) = %

So for p € Uy, f has the form under the chart (Ui, ¢1) and (Vi,¢1) as
following
P10 f o (j)l_l(ul,u2) = U1 + iUQ
which is a smooth function.
For p € Uy, we have

@20 fopa(ur,uz) = ui — iusg

which is also smooth.
Hence f is a diffeomorphism.
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2. Prove that the tangent bundle T'M is always orientable as a manifold.

Solution:

Let A= {(U;, ¢;)}icr be an atlas of M. Then we let
A= {(TU;, ¢;) : i € I} with ¢i(p,v) = (¢(p), dep(v)) € G(Us) x R™
The transition maps between (TU;, ¢;), (TU;, d;) is
Oij(z,w) = (¢ 0 ¢ ' (), d(¢; 0§ )a(w))
Note that d(¢; o ¢; '), is linear, so the Jacobian matrix is just itself. Hence

_|d ¢j0¢i_1(a7) 0
d®ij(x, w) = ( 0 ) d(¢j0¢; ' (z))

Hence det(d(®;;)) = [d(¢; o qbi_l(;v))]? > 0 since d(¢;0¢; * (z)) non-degenerate.
This means all the transition maps are orientation-preserving. Hence T'M is
orientable.



3. Prove Jacobi identity: [X,[Y, Z]]| + [V,[Z, X]] + [Z,[X,Y]] =0 for any X,Y,Z € T'(TM).

Solution:
For any f € C°°(M), we directly compute,
(X, [Y, Z1)f = X([Y, Z]f) - [Y, Z)(X )

=X(YZf—-2ZYf)-YZXf+ZYXf
=XYZf-YZXf+XZYf—-ZYXf

Similarly

Y, [Z,X||f =YZXf—ZXY[f+YXZf—XZYf
Z X, Y|f=ZXYf—-XYZf+ZYXf-YXZf
Adding them up
(XY 2]+ [V, [Z, X)) + [Z, [ X, Y]] f
= (XYZ+YZX+ZXY)f —(YZX + ZXY + XY 2)f

(XZY +YXZ + ZYX)f — (ZYX + XZY +YXZ)f
=0

Hence
(X Y, 2]+ [V, [Z2, X]]|+ [Z,[X, Y]] =0



4. Let a be a (0, q)-tensor on M, X,Yq,---,Y, € I'(TM) be vector fields. Show that

q
(ACXOZ)(Yh 7Yq) :X(a(ylu 7 Za Yla"' 2 17[X Y] }/i+17"'
=1

Solution:

By definition of pull-back, we have

(d):a)(yla T 7Yq)(x) = aqﬁt(m) (th*}/la te ,¢t*Y;;)

with x € M where ¢; is the flow generated by X.
So
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- ax(¢t*yl7"' 7¢t*YtL‘717Y;7Yvi+lv"' 51/21)]

q
:X(a(ylv"' 7)/:1))(1') +ZO‘$(}/17 7}/72717£X}/7l’}/7l+17"' 7Yq)

=X(a(Y1,---,Y, Zaxyl’... Vi1, [X, Y], Yigq, -, Yy)

Since the above identity holds for all x € M, we have

q
(Lxa)(Yi, -, Yy) = X(a(Y1, -, Y) =Y a(Yi, Yoy, [X, Y], Yigr, -+, Yy)
=1



